Abstract. We define a flag Bott tower to be a sequence {F j : j = 0, . . . , m} of manifolds F j , called flag Bott manifolds, where F j is the total space of a full flag fibration over F j−1 . A flag Bott tower is a generalization of Bott tower, a toric variety defined by Grossberg and Karshon, and it is shown to be a GKM manifold. On the other hand there is a different generalization of Bott tower, called a generalized Bott tower introduced by Masuda and Suh. We also show that for given generalized Bott tower {B j : j = 0, . . . , m} we can find the associated flag Bott tower {F j : j = 0, . . . , m} so that the closure of a generic orbit of the associated Bott manifold Fm is the blow-up of the generalized Bott manifold Bm along certain invariant submanifolds. We use the GKM structure of Fm together with some toric topological arguments to prove the result.
Introduction
A Bott tower {B j | j = 0, . . . , m} is a sequence of CP 1 -fibrations CP 1 ֒→ B j πj −→ B j−1 such that B j is the projectivization of the sum of two complex line bundles over B j−1 where B 0 is a point. Then each B j is a complex j-dimensional nonsingular algebraic variety called the j-stage Bott manifold. Each Bott manifold B j has a (C * ) j -action with which B j becomes a toric manifold, i.e., a nonsingular toric variety. Another interesting point of Bott manifold is its relation with Bott-Samelson variety. A Bott-Samelson variety is a well-known algebraic variety in representation theory, which is defined as the quotient space (P i1 × · · · × P im )/(B × · · · × B) for some minimal parabolic subgroups P ij of a complex semisimple Lie group G and a Borel subgroup B ⊂ G with a certain twisted action of the product of B on the product of minimal parabolic subgroups P ij . It is shown in [GK94] and [Pas10] that every Bott-Samelson variety has a Bott manifold as its toric degeneration. Indeed, if X is a Bott-Samelson variety, there is a one-parameter family of algebraic varieties X t for t ∈ C such that X t is isomorphic to X for each t ∈ C \ {0} and lim t→0 X t is a Bott manifold. This relation between a Bott-Samelson variety and a Bott tower gives some interesting results on algebraic representations of G in [GK94] .
It would be nice to generalize the notion of Bott tower so that the resulting generalization still has the above two properties of a Bott tower: being a toric manifold, at the same time there exists a certain algebraic variety coming from a complex semisimple Lie group, which degenerates into the generalization. However such generalization doesn't seem to be possible.
Instead, a generalized Bott tower is introduced in [Dob01] and [MS08] as a generalization of Bott towers as being a toric manifold. A generalized Bott tower {B j | j = 0, . . . , m} is defined similarly to a Bott tower but the difference is that B j is the projectivization of the sum of n j + 1 many complex line bundles instead of two line bundles. But for this generalization, it is difficult to find an appropriate algebraic variety defined from a complex semisimple Lie group, which degenerates into a generalized Bott manifold. Generalized Bott manifolds are studied in [CMS10b] , [CM12] , [CPS12] , [Ish12] , and [Cho15] for the cohomological rigidity problem, which asks whether the class of toric manifolds are topologically classified by their integral cohomology rings.
On the other hand, a flag Bott tower {F j | j = 0, . . . , m} is a sequence of the full flag fibrations F l(n j + 1) ֒→ F j pj −→ F j−1 where F j is the flagification of a sum of n j + 1 many complex line bundles over F j−1 . It is shown in [FLS] that there is an algebraic variety called flag Bott-Samelson variety defined from a complex semisimple Lie group, which degenerates into a flag Bott manifold. Unfortunately, a flag Bott manifold is not a toric manifold in general. In fact, the complex dimension of F m is m j=1 n j (n j + 1)/2, but there is an effective action of complex torus H of dimension m j=1 n j on F m . Furthermore it is shown in [Kur17] that m j=1 n j is the highest dimension of a torus which can act on F m effectively. With the restricted action of the real torus T of dimension m j=1 n j the flag Bott manifold F m can be seen to be a GKM manifold in Theorem 3.6. Moreover the concrete information of the GKM graph of F m is computed in Theorem 3.11.
Even though generalized Bott towers and flag Bott towers are two different generalizations of Bott towers, there is an interesting relation between them. Namely, Theorem 5.8 says that for a given generalized Bott tower {B j | j = 0, . . . m} there exists the associated flag Bott tower {F j | j = 0 . . . , m} and maps q j : F j → B j such that q j−1 • p j = π j • q j for all j = 1, . . . , m. Moreover the closure of a generic orbit of H-action in F m is the blow-ups of B m along some invariant submanifolds. To obtained this result the GKM graph information of F m from Theorem 3.11 is essentially used together with some toric topological arguments.
We remark that every flag Bott tower is a CP -tower, i.e., a sequence of an iterated complex projective space fibrations. A CP -tower is introduced in [KS14] and [KS15] as a more generalized notion than a generalized Bott tower.
The paper is organized as follows. In Section 2, we give an alternative description of a flag Bott manifold as the orbit space of the product of general linear groups under the action of the product of their Borel subgroups defined in (2.8), see Proposition 2.8. In doing so, each complex line bundle appearing in the construction of a flag Bott tower can be described in terms of characters of maximal tori of general linear groups. Then we can associate a sequence of integer matrices defined by the weights of the above mentioned characters to a flag Bott manifold as in Proposition 2.11.
We also give an explicit description of the tangent bundle of a flag Bott manifold in Proposition 2.16, which will be used in the GKM description of a flag Bott manifold in Section 3. The singular cohomology ring of a flag Bott manifold is given in Theorem 2.17 using the Borel-Hirzebruch formula, because every flag Bott tower is a CP -tower.
In Section 3, we define the canonical torus action on a flag Bott manifold, and find an explicit description of the tangential representation at a fixed point in Proposition 3.5. We then see easily that every flag Bott manifold is a GKM manifold. Moreover an explicit description of the GKM graph of a flag Bott manifold is given in Theorem 3.11.
In Section 4, we define the associated flag Bott tower to a given generalized Bott tower. Then Proposition 4.5 gives the integer matrices corresponding to the associated flag Bott tower.
In Section 5, we study the relation between a generalized Bott manifold B m and the closure X of a generic orbit of the associated flag Bott manifold F m . We view the toric manifold X as a quasitoric manifold over a product of permutohedra, and calculate its characteristic function in Theorem 5.5 using the axial functions of the GKM graph of F m . Then we show that this characteristic function comes from a series of blow-ups to prove Theorem 5.8.
Flag Bott Manifolds
2.1. Definition of Flag Bott Manifolds. Let M be a complex manifold and E an n-dimensional holomorphic vector bundle over M . Recall from [BT82, p. 282 ] that the associated flag bundle F ℓ(E) → M is obtained from E by replacing each fiber E p by the full flag manifold F ℓ(E p ). k is a holomorphic line bundle over F j−1 for each k = 1, . . . , n j +1 and j = 1, . . . , m. We call F j the j-stage flag Bott manifold of the flag Bott tower.
Here are some examples of flag Bott manifolds.
Example 2.2.
(1) The flag manifold F ℓ(C n+1 ) = F ℓ(n + 1) is a flag Bott tower of height 1. In particular, F ℓ(2) = CP 1 is a 1-stage flag Bott manifold. (2) The product of flag manifolds F ℓ(n 1 + 1) × · · · × F ℓ(n m + 1) is a flag Bott manifold of height m. (3) Recall from [GK94] that an m-stage Bott manifold is a sequence of CP 1 -fibrations such that each stage is the projective bundle of the sum of two line bundles. When n j = 1 for j = 1, . . . , m, an m-stage flag Bott manifold is an m-stage Bott manifold. Remark 2.4.
(1) Of course one can define F j to be F ℓ(E j ) for some holomorphic vector bundle E j over F j−1 . However, since we want to consider torus actions on F m , we assume E j to be a sum of holomorphic line bundles as in Definition 2.1.
(2) Even though we are concentrating full flag fibrations in this paper, one can also study other kinds of induced fibrations such as partial flag fibrations, isotropic flag fibrations, etc., which require further works.
Orbit Space Construction of Flag Bott Manifolds.
In this subsection, we consider an orbit space construction of a flag Bott tower in Proposition 2.8 and Proposition 2.11 in order to consider the canonical torus action on it, see Subsection 3.1. A flag Bott tower of height 1 is the flag manifold F ℓ(n 1 +1) which is the orbit space GL(n 1 +1)/B GL(n1+1) , where B GL(n1+1) is the set of upper triangular matrices in GL(n 1 + 1). In order to construct a flag Bott tower of height 2, let H GL(n1+1) be the maximal torus contained in B GL(n1+1) , i.e.,
.
Hence for each integer vector a ∈ Z n1+1 , we define a line bundle ξ(a) as the orbit space
where the right
, we use the following notation:
where Υ : B GL(n1+1) → H GL(n1+1) is the canonical projection. Recall from [Bri05, Subsection 1.4] that this construction gives a surjective group homomorphism
where Pic(F ℓ(n 1 + 1)) is the set of isomorphic classes of holomorphic line bundles over F ℓ(n 1 + 1).
To construct flag Bott towers of height 2, we need (n 2 + 1) many holomorphic line bundles. Because of the surjection in (2.2), there exist integer vectors a
1,1 , . . . , a
k,1 ) . At this stage, actually we do not need the lower second index in the above vector notation. However the role of this index will show up from the third stage. For simplicity, we define an integer matrix A (2) 1 of size (n 2 + 1) × (n 1 + 1) whose row vectors are a
1,1 (n 1 + 1) a
2,1 (n 1 + 1) . . . . . .
Now we have the orbit space construction of F 2 described by an integer matrix A
1 of size (n 2 + 1)× (n 1 + 1).
By composing the canonical projection Υ : B GL(n1+1) → H GL(n1+1) with the homomorphism (2.3), we define a homomorphism Λ
1 from B GL(n1+1) to H GL(n2+1) . Consider the orbit space (2.4)
where the right action of B GL(n1+1) × B GL(n2+1) is given by
. This action will be proved to be free and proper in Lemma 2.7. We will also see in Proposition 2.8 that {F quo 2 , F ℓ(n 1 + 1), {a point}} is isomorphic to the flag Bott tower
Example 2.5. Consider a flag Bott tower of height 2 whose 1-stage is F ℓ(3). Put a 
The integer vector a
2,1 = (0, 0, 0) gives the trivial line bundle over F ℓ(3). On the other hand, for (g 1 , g 2 ) ∈ GL(3) × GL(2) and (b 1 , b 2 ) ∈ B GL(3) × B GL(2) , one can see that
We now consider flag Bott towers of height 3. Let F quo 2 be a 2-stage flag Bott manifold defined by an integer matrix A (2) 1 of size (n 2 + 1) × (n 1 + 1) as in (2.4). For an integer vector (a 1 , a 2 ) ∈ Z n1+1 × Z n2+1 , we define a holomorphic line bundle ξ(a 1 , a 2 ) as the orbit space
. This construction gives the following group homomorphism which will be proved to be surjective in Lemma 2.12 and Lemma 2.13:
To construct 3-stage flag Bott manifolds, we need (n 3 + 1) many holomorphic line bundles. Because of the above surjection, there exists an integer vector (a
. . , n 3 + 1. We define the integer matrix A (3) ℓ of size (n 3 + 1) × (n ℓ + 1) for ℓ = 1, 2 whose row vectors are a
1,ℓ , . . . , a
n3+1,ℓ , i.e., for ℓ = 1, 2
2,ℓ (n ℓ + 1) . . .
. . .
For ℓ = 1 and 2, the matrix A
n 3 +1,ℓ . By composing the canonical projection Υ : B GL(n ℓ +1) → H GL(n ℓ +1) with the homomorphism determined by A
ℓ , we define a homomorphism Λ
ℓ : B GL(n ℓ +1) → H GL(n3+1) . Consider the following orbit space:
where the right action of B GL(n1+1) × B GL(n2+1) × B GL(n3+1) is defined by
This right action is free and proper, see Lemma 2.7. For a given integer matrices (A
1 , A
2 ) ∈ 1≤ℓ<j≤3 M (nj+1)×(n ℓ +1) (Z), it will be proved in Proposition 2.8 that {F quo j | j = 0, 1, 2, 3} is isomorphic to the following flag Bott tower:
Example 2.6. For n 1 = 2, n 2 = 1, n 3 = 1, consider the following matrices:
We generalize the above orbit space construction to higher stages. For positive integers n and n ′ , let A be an integer matrix of size (n + 1) × (n ′ + 1) whose row vectors are a 1 , . . . , a n+1 ∈ Z n ′ +1 , i.e.,
, be the set of diagonal matrices in GL(n+1),
By composing the canonical projection Υ : B GL(n ′ +1) → H GL(n ′ +1) with the homomorphism (2.6), we define the homomorphism Λ(A) :
For a given sequence of integer matrices (A
Lemma 2.7. The right action Φ j in (2.8) is free and proper for j = 1, . . . , m.
Proof. For g := (g 1 , . . . , g j ) ∈ GL(n 1 + 1) × · · · × GL(n j + 1) and (b 1 , . . . , b j ) ∈ B GL(n1+1) × · · · × B GL(nj+1) , the equality g 1 = g 1 b 1 implies that b 1 is the identity matrix since g 1 is invertible. Similarly, the equation
gives that b 2 is the identity. Continuing in this manner, we conclude that the isotropy subgroup at g is trivial, this shows that the action Φ j is free.
To prove the properness of the action, it is enough to show that for every sequence (g r ) := (g Note that for convergent sequences (A r ) → A and (B r ) → B in GL(n + 1), the sequence (A r B r ) also converges to AB since the multiplication map is continuous. Also for a convergent sequence (A r ) → A in GL(n + 1), we have that A ij = lim r→∞ (A r ) ij . Since both sequences (g 2 ) also converges. By continuing this process, we show that the action Φ j is proper.
For a complex manifold M with a free and proper action of a group G, the orbit space M/G is a complex manifold, see [Huy05, Proposition 2.1.13]. Hence by Lemma 2.7, the orbit space
is a complex manifold, where Φ j is the action defined in (2.8).
we can define a holomorphic line bundle over F quo j as follows:
where the right action is
Now we have the following proposition.
be a sequence of integer matrices, and let F quo j := (GL(n 1 + 1) × · · · × GL(n j + 1))/Φ j be the orbit space define in (2.9) for j = 1, . . . , m. Then we have the bundle map ϕ j which is a holomorphic diffeomorphism:
where a To prove this proposition, we need the following lemma: 
Proof. On the fiber ξ(a
k,j−1 ) for k = 1, . . . , n j + 1. This proves the lemma.
Proof of Proposition 2.8. By the definition of the action Φ j , we have the following fibration structure:
Here
) is the full flag such that the vector space V k is spanned by the first k columns of g j . It is enough to check that the map ϕ j is well-defined. We have that
..,gj−1] is the full flag whose vector space V ′ k is spanned by the first k columns of Λ
T , and the vector on the right hand side of the equation (2.11) can be identified with (v 1 , . . . , v nj +1 )
T on the fiber (ξ (j) ) [g1,...,gj−1] by Lemma 2.9. Hence the map ϕ j is well-defined, and the result follows.
Example 2.10. For n 1 = 2, n 2 = 1, and n 3 = 1, let
Let Φ j be the right action of B GL(n1+1) × · · · × B GL(nj+1) on GL(n 1 + 1) × · · · × GL(n j + 1) in (2.8) for j = 1, 2, 3. Then, by Proposition 2.8, the following flag Bott tower {F j | j = 0, 1, 2, 3} is isomorphic to {F quo j := (GL(n 1 + 1) × · · · × GL(n j + 1))/Φ j | j = 0, 1, 2, 3} as flag Bott towers.
Let F BT The following proposition shows the equality F BT quo m = F BT m , whose proof will be given in Subsection 2.3.
Proposition 2.11. Let F m be a flag Bott tower of height m. Then there is a sequence of integer matrices (A 2.3. Tautological Filtration over a Flag Bott Manifold. In this subsection, we study holomorphic line bundles over a flag Bott manifold. For j = 1, . . . , m, there is a universal or tautological filtration of subbundles
of F j for p ∈ F j−1 , the fiber of the subbundle U j,k is the vector space V k of the flag V • for k = 1, . . . , n j + 1. Hence we have the quotient line bundle U j,k /U j,k−1 over F j for k = 1, . . . , n j + 1. The following lemma states that using these line bundles, we can express any holomorphic line bundle over a flag Bott manifold.
Lemma 2.12. Let {F j | j = 0, . . . , m} be a flag Bott tower. We have the following surjective group homomorphism:
Proof. Recall from [BT82, Proposition 21.17] that the degree 2 cohomology group H 2 (F j ; Z) is generated by the first Chern classes of line bundles
for j = 1, . . . , m. Therefore any complex line bundle over F j can be expressed as a tensor product of these line bundles as in (2.13). Hence it is enough to show that the cycle map c 1 : Pic(F j ) → H 2 (F j ; Z) is an isomorphism. We recall that the cycle map Pic(X) → H 2 (X; Z) is an isomorphism for a full flag manifold X. Also for the full flag bundle X over a smooth variety Y , if the cycle map for Y is an isomorphism, then the cycle map for X is also an isomorphism, see [Ful98, Example 19.1.11]. This proves that the cycle map Lemma 2.13. For a sequence of integer matrices (A
in (2.12), we have that
where e k is the kth standard basis vector in Z nj +1 . Indeed, for an integer vector (a 1 , . . . ,
, where ξ(a 1 , . . . , a j ) is defined in (2.10) and ψ(a 1 , . . . , a j ) is defined in (2.13).
Proof. From Proposition 2.8 that the j-stage flag Bott manifold F quo j is the induced flag bundle
k,ℓ is the kth row vector of the matrix A
where (ξ (j) ) pj (x) is the fiber over p j (x). The fiber of U j,k at x is the vector space
, we claim that the following map L → U j,k /U j,k−1 gives a desired isomorphism between line bundles:
It is enough to check that this map is well-defined. For any (
which spans the fiber of
T denote the column vector v k . Then we have that
where the equivalence comes from Lemma 2.9. The second statement of the lemma follows immediately from the first, hence the result follows.
By above two lemmas, we can prove Proposition 2.11.
Proof of Proposition 2.11. We prove the proposition using the induction argument on the height of a flag Bott tower. When the height is 1, then it is obvious that any full flag manifold can be described as the orbit space GL(n 1 + 1)/B GL(n1+1) . Assume that the proposition holds for j < m, i.e., we have that F BT quo j = F BT j for j < m. For a flag Bott tower F m of height m, by the induction hypothesis, we have a sequence of integer matrices (A (j) 
Moreover, by the induction hypothesis, the (m − 1)-stage flag Bott manifold F m−1 can be expressed as the orbit (GL(n 1 + 1) × · · · × GL(n m−1 + 1))/Φ m−1 . Hence by Lemma 2.13, we have that
be the flag Bott tower determined by integer matrices (A (j) ℓ ) 1≤ℓ<j≤m . Then by Proposition 2.8, we have the following bundle map ϕ which is a holomorphic diffeomorphism:
Remark 2.14 (Description of F m using compact Lie groups). Using the compact subgroups U (n j + 1) ⊂ GL(n j + 1) and the compact maximal torus T nj+1 ⊂ H GL(nj+1) for j = 1, . . . , m, consider the following orbit space:
where the right action is defined by
Then the above manifold is a compact manifold which is diffeomorphic to F m since U (n + 1)/T n+1 is diffeomorphic to GL(n + 1)/B GL(n+1) . We will also use this description for F m .
2.4. Tangent Bundle of F m . In this subsection, we study the tangent bundle of a flag Bott manifold using a principal connection of a principal bundle. For more details, see [Spi79, Chapter 8, Addendum 3]. For a principal H-bundle π : P → B, there is a natural sequence of bundles
where π * T B is the pullback of the tangent bundle T B along π, and V = {v ∈ T P | π * v = 0} is the vertical subbundle. Here, we consider the H-principal bundle P → B with the right action. Alternatively if we let o p : H → H(p) be the orbit map which maps H onto its orbit through p ∈ P , then (2.15)
A principal connection H is a subbundle of T P such that for p ∈ P ,
where Φ h is the right action by h ∈ H, and • H p varies smoothly with respect to p ∈ P . Because of the first property of principal connection, we have that
For convenience, let T denote the product of compact tori T n1+1 × · · · × T nm+1 . By Remark 2.14, an m-stage flag Bott manifold F m can be described as the orbit of the right action in (2.14), i.e.,
Since T acts freely on the space U (n 1 + 1) × · · · × U (n m + 1), we have the principal T-bundle
We describe the vertical subbundle V of the above principal bundle (2.16). For j = 1, . . . , m, let u(n j + 1), respectively t nj +1 , denote the Lie algebra of U (n j + 1), respectively
where L gj is the left translation by g j for j = 1, . . . , m. Then (L g −1 ) * is an isomorphism, so that we have the trivialization:
For the principal bundle (2.16), it follows from (2.15) that the fiber of the vertical subbundle V at a point g is
where o g : T → T(g) is the orbit map. For a given t = (t 1 , . . . , t m ) ∈ t n1+1 ⊕ · · · ⊕ t nm+1 , take a path
and t ∈ T, let g · t denote the right action of T in (2.14). Then we have the following:
Here Ad g (X) = gXg −1 , i.e., the usual adjoint representation of U (n j + 1) on u(n j + 1). Therefore we see that the vertical subbundle V is the image of the injective map:
where ((g 1 , . . . , g m ), (t 1 , . . . , t m )) maps to
Now we describe a principal connection. Let m j ⊂ u(n j + 1) be the subspace of matrices with the zero diagonals. Then m j is invariant under the adjoint action of T nj+1 . It is known that every compact connected Lie group admits a bi-invariant metric, see [Boo86, Corollary VI.3.7] . With an appropriate choice of metric, m j is the orthogonal complement to t nj +1 ⊂ u(n j + 1).
Proposition 2.15. At the identity point (e, . . . , e) ∈ U (n 1 + 1) × · · · × U (n m + 1) choose the horizontal space
Then H is a connection.
Proof. First we need to show that for each point g ∈ U (n 1 + 1) × · · · × U (n m + 1), we have that
. This implies that
, we have that t 1 = 0. Continuing in this manner we conclude that V g ∩ H g = {0}, and hence by the dimension reason, we have
Secondly, define the map Φ t :
as the right translation by t as defined in (2.14). For an element
This gives (Φ t ) * H g = H Φt(g) since m j is invariant under the adjoint action of T nj+1 for j = 1, . . . , m. Finally since the left multiplication varies smoothly with (g 1 , . . . , g m ) ∈ U (n 1 + 1) × · · · × U (n m + 1), this defines a connection.
As a corollary of Proposition 2.15 we have the following description of the tangent bundle of F m :
Proposition 2.16. The tangent bundle of F m is isomorphic to
where the following elements are identified:
. . , t m ) is as defined in (2.14).
. We claim that the map ϕ is a bundle isomorphism. Because of the property of a principal connection and by the definition of H,
It is enough to check that the map ϕ is well-defined. For t = (t 1 , . . . , t m ) ∈ T, an element Φ t (g); Ad t
Because π • Φ t = π, we have that π * • (Φ t ) * = π * . This implies that the map ϕ is well-defined.
2.5. Singular Cohomology. The singular cohomology will not be used in this paper, but it is important to its own right. Therefore we give the singular cohomology of a flag Bott tower in this subsection. To compute the singular cohomology of a flag Bott manifold, we use the following result about the induced flag bundle. Let E → M be a holomorphic vector bundle of rank n + 1 over a complex manifold M . It is known that the associated flag bundle F ℓ(E) → M can be considered as an iterated sequence of projective space bundles. Hence by the Borel-Hirzebruch formula, one can compute the cohomology ring of F ℓ(E), see [BT82, Proposition 21.17] . Consider the tautological filtration of subbundles over F ℓ(E) in (2.12):
For an m-stage flag Bott manifold F m , there is the set of integer matrices {A
k,ℓ be the kth row vector of A (j) ℓ for 1 ≤ ℓ < j ≤ m and k = 1, . . . , n j + 1. We can describe the cohomology ring of F m in terms of these integer vectors.
Theorem 2.17. Let F m be a flag Bott manifold defined by the set of integer vectors {a
. . , n j + 1}. Then the singular cohomology ring of the flag Bott manifold F m is given as follows:
where x j,k are degree 2 elements for j = 1, . . . , m and k = 1, . . . , n j + 1, and
Proof. By Proposition 2.8,
k,j−1 ) for j = 1, . . . , m. By (2.19), it is enough to show that for j = 1, . . . , m, we have
k,ℓ (p)x ℓ,p for k = 1, . . . , n j + 1, which directly comes from Lemma 2.12 and Lemma 2.13. Hence the result follows. 
where x 1,1 , x 1,2 , x 2,1 , x 2,2 are degree 2 elements. There are two linear relations: x 1,1 + x 1,2 = 0 and x 2,1 + x 2,2 − cx 1,1 = 0. Put X 1 := x 1,1 , X 2 := x 2,1 , then x 1,2 = −X 1 and x 2,2 = −x 2,1 + cx 1,1 = −X 2 + cX 1 . Hence we have the following:
, which is known to be the cohomology ring of a Hirzebruch surface, see [CMS10a] .
Remark 2.19. One of the challenging problem in toric topology is the cohomological rigidity problem for toric manifolds, which asks whether the homeomorphism or diffeomorphism types of toric manifolds are determined by their integral cohomology rings. Since the class of toric manifold is too broad to approach the problem in its general form, it is more realistic to treat the problem for some subclass of toric manifolds, such as the family of (generalized) Bott manifolds. However, even the cohomological rigidity problem for the family of (generalized) Bott manifolds is not easy. The problem has the positive answers for some special cases, but is still open in general, even for the family of Bott manifolds.
Even though a flag Bott manifold is not a toric manifold, it is constructed as the flagification of a sum of complex line bundles over the one stage lower flag Bott manifold, which resembles the construction of (generalized) Bott manifolds. Therefore it seems natural to raise the cohomological rigidity problem for the family of flag Bott manifolds: if two flag Bott manifolds B and C have isomorphic integral cohomology rings, then are B and C homeomorphic or diffeomorphic? We have a reservation for guessing the answer to this problem, but it would be surprising if the answer of the question is negative.
GKM Descriptions of Flag Bott Manifolds
is H-equivariant fiber bundle. Let T ⊂ H be the compact torus of real dimension m j=1 (n j + 1). Note that the torus H acts holomorphically but does not act effectively on F m . If we write h j = diag(h j,1 , . . . , h j,nj +1 ) ∈ GL(n j + 1), the subtorus
acts effectively on F m . Let T ⊂ H denote the compact torus of real dimension n 1 + · · · + n m . In this paper, we call the action of these tori the canonical H (T, H or T)-action on F m . For a space X with a G-action, we write (X, G) for this G-space X when we need to emphasize the acting group. Example 3.2. A 1-stage flag Bott manifold is the flag manifold F ℓ(n + 1) = GL(n + 1)/B GL(n+1) . Then the canonical torus action of H = H GL(n+1) on the flag manifold F ℓ(n + 1) is the left multiplication. In this case, it is well known that the fixed point set can be identified with the symmetric group S n+1 , see [Ful97, Subsection 10 .1]. For a given permutation w ∈ S n+1 , letẇ denote the column permutation matrix, i.e.,ẇ is an element in GL(n + 1) whose (w(k), k)-entries are 1 for k = 1, . . . , n + 1, and all others are zero. Then the fixed point set is {[ẇ] ∈ GL(n + 1)/B GL(n+1) | w ∈ S n+1 }.
This property can be extended to the canonical action of H on F m . Proposition 3.3. Let F m be an m-stage flag Bott manifold with the action of H. Then the fixed point set is identified with the product of symmetric groups S n1+1 × · · · × S nm+1 . More precisely, for permutations (w 1 , . . . , w m ) ∈ S n1+1 × · · · × S nm+1 , the corresponding fixed point in F m is [ẇ 1 , . . . ,ẇ m ], whereẇ j ∈ GL(n j + 1) is the column permutation matrix of w j .
Tangential Representations of Flag Bott Manifolds.
In this subsection, we study the tangential representations of a flag Bott manifold F m at the fixed points corresponding to the (noneffective) canonical action of T in Proposition 3.5. Recall the definition of GKM manifolds from [GKM98] and [GZ01] .
Definition 3.4. Let T be the compact torus of dimension n, t its Lie algebra, and M a compact manifold of real dimension 2d with an effective action of T . We say that a pair (M, T ) is a GKM manifold if
(1) the fixed point set M T is finite, (2) M possesses a T -invariant almost-complex structure, and (3) for every p ∈ M T , the weights
of the isotropy representation T p M of T are pairwise linearly independent.
By considering the effective canonical action of T on F m , we will see that (F m , T) is a GKM manifold in Theorem 3.6. For this, we first need to compute the tangential representations of a flag Bott manifold F m at fixed points. From Proposition 2.16, the tangent bundle T F m of a flag Bott manifold F m is isomorphic to
where m j ⊂ u(n j + 1) is the subspace of matrices with the zero diagonals for j = 1, . . . , m. For an element (w 1 , . . . , w m ) ∈ S n1+1 × · · · × S nm+1 , the corresponding fixed point in the flag Bott Before computing the homomorphisms f j , let us recall the adjoint action of T on m j . Let E (r,s) be an element of gl(n j + 1) whose (r, s)-entry is 1 and all others are zero. Now we have m j ∼ = span C {zE (r,s) + (−z)E (s,r) | z ∈ C, 1 ≤ s < r ≤ n j + 1}. Denote the standard basis of Lie(T)
With respect to this basis, let A be the integer matrix of size (n j + 1) × m j=1 (n j + 1) whose row vectors c j,1 , . . . , c j,nj +1 are weights of the homomorphism f j , so that for an element t ∈ T,
Since Ad fj (t) E (r,s) = t cj,r −cj,s E (r,s) , using the weight vectors {c j,k }, we can describe that
where V (c j,r − c j,s ) is the 1-dimensional T-representation with the weight c j,r − c j,s ∈ Z n1+1 ⊕ · · · ⊕ Z nm+1 . For an integer matrix A, we define
V (c j,r − c j,s ).
Using this notation, we have the following proposition whose proof will be given at the end of this subsection.
Proposition 3.5. Let F m be the m-stage flag Bott manifold defined by a set of integer matrices {A
Here X (j) ℓ is the matrix of size (n j + 1) × (n ℓ + 1) defined by
and B j is the row permutation matrix corresponding to w j , i.e., B j = (ẇ j ) T . Furthermore, the weights of the isotropy representation of T on TẇF m are pairwise linearly independent.
By considering the effective canonical action of T on F m , the fixed point set is finite because of Proposition 3.3. Also the canonical action of T on F m is holomorphic, see Subsection 3.1. As a corollary of Proposition 3.5, we have the following theorem. Therefore we have the following tangential representation:
Example 3.8. Consider a flag Bott tower F 2 of height 2 defined by the integer matrix A Then F 2 is a CP 1 -bundle over F ℓ(3). The manifold F 2 has the action of (S 1 ) 3 × (S 1 ) 2 , and there are 12 fixed points {[ẇ 1 ,ẇ 2 ] | w 1 ∈ S 3 , w 2 ∈ S 2 }. Denote the standard basis of Lie((S 1 ) Hence the matrix X The tangential representation at the pointẇ can be computed as follows: 
Example 3.9. Consider a flag Bott tower of height 3 with n 1 = 2, n 2 = 1, and n 3 = 1 which is defined by Then the flag Bott manifold F 3 has the action of (S 1 ) 3 × (S 1 ) 2 × (S 1 ) 2 , and the set of fixed points is {[ẇ 1 ,ẇ 2 ,ẇ 3 ] | w 1 ∈ S 3 , w 2 , w 3 ∈ S 2 }. Denote the standard basis of Lie(( We have the following computations of X
1 , X
2 :
1 B 1 = 2 0 1 0 0 0 ,
1 B 1 + B 3 A
1 B 1 = 0 0 0 14 0 8 ,
2 B 2 = 0 0 5 0 .
The tangential representation at the pointẇ can be computed as follows: 
Proof of Proposition 3.5. We first note that for any t j = diag(t j,1 , . . . , t j,nj+1 ) ∈ T nj+1 ⊂ U (n j + 1), we have thatẇ −1 j t jẇj = diag(t j,wj (1) , t j,wj(2) , . . . , t j,wj (nj +1) ) ∈ T nj+1 . Let w j denote a homomorphism T nj+1 → T nj+1 define by w j (t j ) :=ẇ −1 j t jẇj . Then we have that (3.5) t jẇj =ẇ jẇ −1 j t jẇj =ẇ j w j (t j ). For the row permutation matrix B j = (ẇ)
T , we have that B j (t j,1 , . . . , t j,nj +1 ) T = (t j,wj (1) , . . . , t j,wj (nj +1) ) T . Hence B j is the matrix for the homomorphism w j : T nj+1 → T nj+1 . Consider the case when j = 1. Then we can get [t 1ẇ1 , . . . , t mẇm ; X 1 , . . . ,
• w 1 )(t 1 )t mẇm ; Ad w1(t1) X 1 , X 2 , . . . , X m ] (by (2.18)).
(3.6) Therefore the homomorphism f 1 : T → T n1+1 in (3.2) is given by (t 1 , . . . , t m ) → w 1 (t 1 ), and
Hence the proposition holds for j = 1. We continue the similar computation to (3.6) for the second coordinate as follows. For t = (t 1 , . . . , t m ) ∈ T,
[t 1ẇ1 , t 2ẇ2 , t 3ẇ3 , . . . , t mẇm ; X 1 , . . . ,
• w 1 )(t 1 )t mẇm ; Ad w1(t1) X 1 , X 2 , . . . , X m ] (by (3.6))
1 (f 1 (t))t 2ẇ2 , Λ
1 (f 1 (t))t 3ẇ3 , . . . , Λ
1 (f 1 (t))t mẇm ; Ad f1(t) X 1 , X 2 , . . . , X m ] (by substituting w 1 (t 1 ) = f 1 (t))
Continuing this process, we may assume that f 1 , . . . , f j−1 can be defined so that the following is satisfies for j > 1:
[t 1ẇ1 , . . . , t jẇj , . . . ; X 1 , . . . , X j , . . .]
1 (f 1 (t))t jẇj , . . . ; Ad f1(t) X 1 , . . . , Ad fj−1(t) X j−1 , X j , . . .]. We now define f j . By considering Λ (j)
1 (f 1 (t))t jẇj , we get the following: Λ
Therefore one can deduce that the map f j : T → T nj+1 is given by
By considering the exponents of the map w j • Λ (j) ℓ • f ℓ : T → T nj+1 for ℓ = 1, . . . , j − 1, we get the following matrix of size (n j + 1) × ((n 1 + 1) + · · · + (n m + 1)):
Therefore it is enough to show that
which comes from the definition of X (j) ℓ . Hence we have the tangential T-representation as in the proposition. Finally, we claim that the weights of the isotropy representation of T on T w F m are pairwise linearly independent. For a fixed point w, let c 1 , c 2 ∈ Z n be weights of the tangential T-representation T w F m ∼ = m j=1 m j . Assume that the weight c 1 comes from m j1 and c 2 comes from m j2 for j 1 < j 2 . Then by the description in (3.3), c 1 is a linear combination of {ε * j,k | j = 1, . . . , j 1 , k = 1, . . . , n j + 1}. Since c 2 has nonzero coefficients in {ε * j2,k | k = 1, . . . , n j2 + 1} and j 1 < j 2 , two weights c 1 and c 2 are linearly independent. Suppose that both of two weights c 1 and c 2 come from m j . Then they have nonzero coefficients in {ε * j,k | k = 1, . . . , n j + 1} which are determined by the permutation matrix B j by (3.3). Hence they are linearly independent, so the result follows.
3.3. GKM Graphs. In the previous subsection, we showed that a flag Bott manifold (F m , T) is a GKM manifold. For a given GKM manifold (M, T ), one can define the following labeled graph (Γ, α), see [GZ01] for more details.
Definition 3.10. Let (M, T ) be a GKM manifold. The GKM graph (Γ, α) consists of
• vertices: V (Γ) = M T , • edges: e : v → w ∈ E(Γ) if and only if there exists a T -invariant embedded two-sphere X e contains v, w ∈ M T , and • axial function: for an edge e : v → w, the axial function α maps an edge e to the weight of the isotropy representation T v X e of T .
For an oriented edge e we write i(e), respectively t(e), the initial, respectively terminal, vertex of e. Moreover we write e for the oriented edge e with the reversed orientation. For v ∈ V (Γ) we set
For the GKM graph (Γ, α) associated to a GKM manifold (M, T ), a collection θ = {θ e } of bijections θ e : E(Γ) i(e) → E(Γ) t(e) , e ∈ E(Γ) satisfying the following conditions can be determined naturally:
(1) (θ e ) −1 = θ e for e ∈ E(Γ), (2) θ e maps e to e for e ∈ E(Γ), and (3) for e ∈ E(Γ) and e ′ ∈ E(Γ) i(e) , there exists c ∈ Z such that α(θ e (e ′ )) = α(e ′ ) + cα(e).
The collection θ = {θ e } is called the connection.
In Subsection 3.2, we considered F m with the noneffective canonical T-action, and expressed the tangential representation TẇF m in terms of the weights using the standard basis {ε * 1,1 , . . . , ε * 1,n1+1 , . . . , ε * m,1 , . . . , ε * m,nm+1 } in (3.1). But in the GKM description, we need to consider the effective canonical T-action on F m . Therefore to consider the axial function with respect to T-action, we should put , s) , . . . , w m ) for some transposition (r, s) ∈ S nj +1 , and axial function: for w and w ′ as above such that r, s ∈ [n j + 1], r > s, then
is the kth row of the matrix X (j) 1
are as in (3.4) with the modification according to (3.7).
Proof. To find the GKM graph Γ, we recall that the product Γ 1 × Γ 2 of graphs Γ 1 , Γ 2 consists of vertices 
(132)
(1) GKM graph of Fℓ(3) 
(132) −c 1 ε Table 1 . Axial functions for Example 3.13
other fixed points, and we have the GKM graph as in Figure 1-(1) . In the figure, parallel edges have the same axial functions. 
Near the fixed point given by (e, s 1 ) ∈ S 3 × S 2 , we have the tangential representation as follows:
). One can see that the induced subgraph Γ 1 , respectively Γ 2 , whose vertex set is S 3 × {e}, respectively S 3 × {s 1 }, is the same as the GKM graph of F ℓ(3) with the action of the torus T 2 in Example 3.12. Therefore it is enough to consider the axial functions of edges of the form e w := (w, e) → (w, s 1 ) for w ∈ S 3 . By a similar computation to Example 3.12, we have Table 1 . In Figure 1 - (2), one can see the combinatorial shape of the GKM graph of F 2 .
Example 3.14. Consider the 3-stage flag Bott manifold F 3 as in Example 3.9. Letẇ = [ẇ 1 ,ẇ 2 ,ẇ 3 ] be a fixed point where w 1 = (312) ∈ S 3 , w 2 = e ∈ S 2 , and w 3 = (21) ∈ S 2 . For an edge (w 1 , w 2 , w 3 ) → (w 1 , w 2 , w 3 (2, 1)), the axial function is ρ 
k is a holomorphic line bundle over B j−1 for k = 1, . . . , n j , C is the trivial line bundle over B j−1 , and P(·) stands for the projectivization of each fiber. We call B j the j-stage generalized Bott manifold of the generalized Bott tower. Recall from [Har77, Exercise II.7.9] that for each j = 1, . . . , m, the set of isomorphic classes of holomorphic line bundles on B j−1 is isomorphic to Z j−1 . More precisely, for j = 1, . . . , m, the homomorphism
is an isomorphism since B j is an iterated sequence of projective space bundles. Here, η 
Generalized Bott Manifold as a Quasitoric Manifold.
A quasitoric manifold M is a 2n-dimensional closed manifold with a locally standard smooth action of the n-dimensional real torus T whose orbit space is homeomorphic to an n-dimensional simple convex polytope P . An n-dimensional polytope P is simple if each vertex is the intersection of exactly n facets, i.e., codimension-one faces. Let π : M → P = M/T be the orbit map. For each facet F of P , the preimage π −1 (F ) is a codimension 2 submanifold of M , fixed by a circle subgroup S 1 F of T . Such a submanifold π −1 (F ) is called a characteristic submanifold. Since every circle subgroup of T corresponds to a primitive vector of Z n modulo sign, we can define a function λ : F (P ) → Lie(T ) Z ∼ = Z n from the set F (P ) of facets of P by assigning to each facet F the primitive vector λ(F ) ∈ Z n , called the characteristic vector of F , which corresponds to the circle subgroup S 1 F . Then λ is well-defined up to sign. Since P is simple, every vertex v of P is the intersection of exactly n facets, say F 1 , . . . , F n . One of the important characteristics of λ is that it satisfies the following nonsingularity condition:
for each vertex v = F 1 ∩ · · · ∩ F n the set {λ(F 1 ), . . . , λ(F n )} forms a basis of Z n .
Thus for each quasitoric manifold M a pair (P, λ) of combinatorial objects is associated. The pair (P, λ) can be considered independently from a quasitoric manifold as a pair of a simple convex polytope P and a function λ : F (P ) → Z n satisfying the above nonsingularity condition. Such a pair is called a characteristic pair and λ is called a characteristic function. It is shown in [DJ91] that characteristic pairs (P, λ) completely determine quasitoric manifolds up to weakly equivariant homeomorphisms. To be more precise, given a quasitoric manifold M , let
where (x, t) ∼ (y, s) if and only if x = y and t −1 s ∈ T E(x) . Here E(x) = F i1 ∩ · · · ∩ F i k is the face containing x in its relative interior, and T E(x) ⊂ T denotes the torus subgroup generated by λ(F i1 ), . . . , λ(F i k ). Then M (P, λ) is a 2n-dimensional closed manifold with the action of T defined by the multiplication on the second coordinate. Proposition 1.8 in [DJ91] shows that there is a weakly T -equivariant homeomorphism between M and M (P, λ). Note that a nonsingular projective toric variety X is a quasitoric manifold whose characteristic pair (P, λ) is completely determined by the fan of X. Also the characteristic pair (P, λ) of a nonsingular projective toric variety X recovers the fan of X. But not every quasitoric manifold is a nonsingular projective toric variety. We refer the reader to [DJ91] or [BP15] for more details on quasitoric manifolds.
Generalized Bott manifolds are nonsingular projective toric varieties which are studied in [CMS10a] and [CMS10b] as quasitoric manifolds. In this subsection we briefly summarize the expression of characteristic pairs of generalized Bott manifolds for reader's convenience.
We first consider a product of simplices
where ∆ nj is the n j -simplex. Let {v j 1 , . . . , v j nj +1 } be the set of vertices of the simplex ∆ nj . Each facet of the polytope P is the product of a facet of one of ∆ nj 's and the remaining simplices. Therefore the set of facets of the polytope P is
and f j k is the facet of the simplex ∆ nj which is opposite to the vertex v j k . Hence there are n + m facets in the polytope P . The polytope P is simple. In particular, the vertex v n1+1,n2+1,...,nm+1 := v
is the intersection of the following n facets:
Since the set of facets (4.2) meet at a vertex, the following n vectors
form a basis of Lie((S 1 ) n ) Z , and we identify Lie((S 1 ) n ) Z with Z n through this basis, i.e., the vectors in (4.3) correspond to the standard basis vectors in the given order. For the remaining m facets {F 1 n1+1 , . . . , F m nm+1 }, consider n × m integer matrix Λ whose ℓth column is λ B (F ℓ n ℓ +1 ). For notational simplicity, we use the following vector expression:
Using these notation, the matrix Λ is
Example 4.3. Let B 3 be a generalized Bott tower of height 3 with n 1 = 2, n 2 = 1, and n 3 = 2. The 2-stage generalized Bott manifold B 2 is a CP 1 -fiber bundle over CP 2 , and the 3-stage B 3 is a CP 2 -fiber bundle over the manifold B 2 . More precisely,
where C is the trivial line bundle, and (4.5) We now explain the notation and construction of the diagram (4.5). First of all, B 0 = F 0 = {point}, and q 0 is the identity. For the 1-stage of flag Bott tower, F 1 = F ℓ(q * 0 E 1 ) is the flag manifold associated to the vector bundle q * 0 E 1 = E 1 , i.e., F 1 = F ℓ(n 1 + 1) = GL(n 1 + 1)/B GL(n1+1) . In particular, B 1 = P(E 1 ) ∼ = CP n1 and the map q 1 is defined by the restriction of the full flag
For each j = 1, . . . , m, F j and q j are obtained inductively as follows. Consider the following pull-back diagram:
By flagifying each fiber of the above bundles, we obtain the associated pull back diagram of flag bundles: We define F j to be the total space of F ℓ(q * j−1 E j ), and q j := s j • q j−1 . Here the map s j : 
Proof. Consider the following pull back diagram:
For each j = 1, . . . , m, the pull back bundle q * j (η j+1 j ) over F j is the line bundle U j,1 /U j,0 defined in (2.12). Since the diagram (4.5) commutes, we have that
for ℓ = 1, . . . , j.
By Lemma 2.13, the line bundle q *
) is determined by the integer vector (0, 0, .
where e 1 is the first standard basis vector. Hence the result follows. . Let n be a nonnegative integer. The permutohedron P n is the convex hull
Here, we use the one-line notation for a permutation w = (w(1) · · · w(n + 1)), i.e., k goes to w(k) for k = 1, . . . , n + 1. The symmetric group S n+1 acts on the permutohedron P n by permuting coordinates, so that we have the natural correspondence between the vertices of P n and the elements of the symmetric group S n+1 . For a permutation w = (w(1) · · · w(n + 1)) in S n+1 , the corresponding vertex in P n is (w −1 (1), . . . , w −1 (n+1)) ∈ R n+1 . Two vertices corresponding to permutations v and w in S n+1 are connected by an edge in P n if and only if there exists i ∈ [n] such that v = w · s i , where s i is the simple reflection (i, i + 1) ∈ S n+1 . The set of facets of P n is parametrized by the nonempty proper subsets of [n + 1].
More precisely, for a nonempty proper subset A of [n + 1], the corresponding facet F (A) of P n is given by
and w (1) 
(
(312) Remark 5.2. Let ∆ n be the n-simplex. Then the set of proper faces of the simplex ∆ n can be identified with the set of nonempty proper subsets of [n + 1]. For any codimension d face f in ∆ n , we have a subset
where f k is the facet of the simplex ∆ n which is opposite to the vertex v k ∈ ∆ n for k = i 1 , i 2 , . . . , i d as in Subsection 4.2. It is well known that the n-dimensional permutohedron can be obtained from ∆ n by truncating all proper faces whose codimension greater than 1, in the increasing order of the dimensions of the faces, see [Pro90] . Hence, the set of facets in the ndimensional permutohedron P n corresponds bijectively to the set of all faces of ∆ n . Therefore, if a facet F ⊂ P n is obtained by truncating the Figure 2 -(2) for P 2 .
5.2. Blow-ups of Quasitoric Manifolds. In this subsection, we briefly review the combinatorial interpretation of blow-ups of quasitoric manifolds. See [BP15, Chapter 7.9, pp. 310-312] for more details. Let P be an n-dimensional simple polytope and F (P ) = {F 1 , . . . , F m } the set of facets. Let λ be a characteristic function on F (P ). Let E = F i1 ∩ · · · ∩ F i d be a codimension d face of P , and P ′ be the polytope obtained from P by truncating the face E. Note that the set of facets of the new polytope P ′ is the union of F (P ) and {E ′ }, where E ′ is the new facet obtained by the truncation of E from P , see Figure 3 .
Lemma 5.3. [BP15, Chapter 7.9] Let P , P ′ and E ′ be as above. Given a characteristic function λ :
Then the quasitoric manifold M (P ′ , λ ′ ) is the blow-up of M (P, λ) along the invariant submanifold π −1 (E), where π : M (P, λ) → P is the orbit map.
Note that the characteristic pair determined by the fan Σ ′ of the blow-up X(Σ ′ ) of a nonsingular projective toric variety along an invariant submanifold coincides with the characteristic pair (P ′ , λ ′ ) given in Lemma 5.3, i.e., the normal fan of P ′ is Σ ′ and rays in Σ ′ is determined by λ ′ , see [CLS11, Chapter 3.3] for more details.
5.3. The Main Result on Generic Orbit Closure of F m . Consider the canonical effective H-action on F m defined in Subsection 3.1. In order to consider the closure of a generic H-orbit in F m , we first define a generic element in F m . Let g = (g ij ) be an element in GL(n + 1). For an ordered sequence 1 ≤ i 1 < i 2 < · · · < i k ≤ n + 1, we consider the Plücker coordinate
Definition 5.4. We call an element g ∈ GL(n + 1) is generic if X i1,...,i k (g) is nonzero for any k ∈ [n + 1] and an ordered sequence 1 ≤ i 1 < i 2 < · · · < i k ≤ n + 1. We call a point [g 1 , . . . , g m ] in F m is generic if g j ∈ GL(n j + 1) is generic for j = 1, . . . , m.
For example, g = 1 0 0 1 is not a generic element since X 2 (g) = 0. In order to state Theorem 5.8, we first fix some notation. As we mentioned in Remark 5.2, the permutohedron can be obtained from the same dimensional simplex by truncating all proper faces in the increasing order of the dimensions of faces. Without loss of generality, for a nonempty proper subset ∅ A [n + 1], we adopt the convention that A represents either a face in ∆ n or a facet in P n depending on the context. Let 1 ≤ ℓ ≤ m be an integer, and let A be a nonempty proper subset of [n ℓ + 1]. Define the following face of the polytope
where f ℓ k is the facet of the simplex ∆ n ℓ as in (4.1). For example, F 2 ({1, 2}) represents a face
where f 
Next by truncating faces F 2 (A) of (5.1) for all ∅ A [n 2 + 1] in the decreasing order of |A|, we have
Continuing this process, finally we obtain the product of permutohedra
Since a facet F (A) of P n ℓ can be parametrized by the nonempty proper subset A of [n ℓ + 1] for ℓ = 1, . . . , m, the set of facets of the polytope Q is
Theorem 5.5. Let B m be an m-stage generalized Bott manifold determined by an integer matrix Λ as in (4.4) and let F m be the associated m-stage flag Bott manifold. Let X be the closure of a generic orbit of H in the associated flag Bott manifold F m . As a quasitoric manifold, the characteristic pair (Q, λ) of X is Q = P n1 × · · · × P nm together with the characteristic function λ : F (Q) → Z n defined as follows: for a facet
where {ε j,k } is the standard basis of the Lie algebra of the compact torus T ⊂ H whose dual is in (3.1).
The proof of Theorem 5.5 needs a series of lemmas, and will be given in the next subsection. Next corollary follows directly from Lemma 5.3 and Theorem 5.5. Corollary 5.6 will play an important role in the proof of Theorem 5.8. Example 5.7. Let B 3 be a generalized Bott tower of height 3 as in Example 4.6 whose matrix Λ is given by
Let F 3 be the associated flag Bott manifold, and let X be the closure of a generic orbit of the torus (C * ) 5 . The orbit space of the quasitoric manifold, which is diffeomorphic to X, is P 2 × P 1 × P 2 , and there are 14 facets. Consider the facet F 1 ({3}) = F ({3}) × P 1 × P 2 . Then by Theorem 5.5, the characteristic vector on the facet
where {ε 1,1 , ε 1,2 , ε 2,1 , ε 3,1 , ε 3,2 } is the standard basis of the Lie algebra of the compact torus contained in (C * ) 5 . With this standard basis, Table 2 Corollary 5.6 says that the set of characteristic vectors
can produce all other characteristic vectors of facets of the polytope Q = P n1 × · · · × P nm . Moreover, this set has the following nice property.
Theorem 5.8. Let B m be the m-stage generalized Bott manifold determined by the integer matrix Λ as in (4.4), and let π : B m → P be the orbit map. Let F m be the associated m-stage flag Bott manifold to B m . Let X be the closure of a generic orbit of the canonical H-action in the associated flag Bott manifold F m . Then X is a nonsingular projective toric variety which is the blow-ups of B m along the following invariant submanifolds
in the increasing order of ℓ = 1, . . . , m and in the decreasing order of |A|. Proof. A generalized Bott manifold B m is a nonsingular projective toric variety. Since the characteristic pair of a nonsingular projective toric variety recovers its fan, we prove the theorem by analyzing the relation between the characteristic pair of the quasitoric manifold X and that of the generalized Bott manifold B m . By Theorem 5.5, the underlying polytope Q of the quasitoric manifold X is the product of permutohedra. The product Q of permutohedra can be obtained from truncating the appropriate faces of the product P of simplices in the order given in the beginning of Subsection 5.3. Therefore by Lemma 5.3, it is enough to show that for ℓ = 1, . . . , m and any nonempty proper subset ∅ {x 1 , . . . , x d } [n ℓ + 1], the following equalities hold:
which directly follows from Corollary 5.6.
Example 5.9. Let B 2 be the generalized Bott tower of height 2 whose characteristic matrix is Λ =   −1 0 −1 0 a −1   for some integer a ∈ Z. Let F 2 be the associated flag Bott manifold and X the closure of a generic orbit of the torus (C * ) 3 . As a quasitoric manifold, X has the orbit space P 2 × P 1 . With the standard basis {ε 1,1 , ε 1,2 , ε 2,1 } of the Lie algebra of the compact torus contained in (C * ) 3 , the characteristic vectors on the facets of P 2 × P 1 are given in the table 3. One can see that X is the blow-ups of B 2 along submanifolds {π −1 (F 1 (A)) | ∅ A [3]}, where π : B 2 → P the orbit map. In Figure 4 -(1), the three vertical edges are {F 1 x1 ∩ F 1 x2 | x 1 , x 2 ∈ [3], x 1 = x 2 }, see (4.1). The polytope in Figure 4 -(2) is P 2 × P 1 which can be obtained by truncating these edges.
5.4. Proof of Theorem 5.5. In order to prove Theorem 5.5, we need to find the characteristic pair (Q, λ) which determines the generic orbit closure of the associated flag Bott manifold. To find the orbit space Q of a flag Bott manifold, we first recall the following lemma for quasitoric manifold fibrations.
Lemma 5.10. [Dob01, Proposition 5] Let M (P i , λ i ) be quasitoric manifolds having the following fibration structure for i = 1, 2, 3
i.e., ι and π are equivariant maps with respect to the tori acting on these spaces respectively. Then we have the combinatorial equivalence P 2 ∼ = P 1 × P 3 .
Hence, we get the following lemma automatically as a special case of the above lemma.
(1) P = ∆ 2 × ∆ 1 (2) Q = P2 × P1 Figure 4 . Polytopes for Example 5.9
Lemma 5.11. Let F m be the associated m-stage flag Bott manifold. Then the closure of a generic orbit of the torus H in F m is a toric variety which is diffeomorphic to the quasitoric manifold whose orbit space is combinatorially equivalent to the product Q = P n1 × · · · × P nm of permutohedra.
Proof. Consider the closure X n of a generic orbit in the flag manifold F ℓ(n + 1) with the effective action of (C * ) n as in Example 3.2, Then X n is a toric variety called the permutohedral variety, and diffeomorphic to the quasitoric manifold whose orbit space is the permutohedron P n , see [Kly85] . For an m-stage flag Bott manifold F m , consider the effective canonical H-action. Each fiber of a bundle F j → F j−1 has the restricted (C * ) nj -action, and its orbit closure of a generic point is the permutohedral variety X nj . Therefore the closure of a generic orbit of the torus H in F m has the structure of iterated permutohedral variety bundles. Hence the result follows directly from Lemma 5.10.
To compute the characteristic vector of a facet of the polytope Q = P n1 × · · · × P nm , we recall the general theory that the information of axial functions α : E(Q) → t * Z ∼ = Z n completely determines the characteristic functions λ : F (Q) → t Z ∼ = Z n as stated in Lemma 5.12. Let f be a facet of Q and v a vertex of f . Since the polytope Q is simple, exactly n edges of Q meet at v. We denote them by e 1 , . . . , e n . Among those edges, exactly n − 1 many edges are contained in a facet f except one edge, say e 1 .
Lemma 5.12. [BP15, Proposition 7.3.18] Let e 1 , . . . , e n and f be as above. The axial function α and the characteristic function λ have the following relation:
α(e i ), λ(f ) = 1 if i = 1, 0 if i = 2, . . . , n.
In particular, for given α(e 1 ), . . . , α(e n ), the characteristic vector λ(f ) is uniquely determined.
Lemma 5.12 says that the tangential representation at a fixed point determines the characteristic vector of the facet containing the vertex corresponding to the given fixed point. The following lemma allows us to choose any convenient vertex of the facet f in order to obtain the characteristic vector of f . For the given GKM graph (Γ, α) and the connection θ = {θ e | e ∈ E(Γ)}, consider θ en : {e 1 , . . . , e n } → {e Since π −1 (f ) is an invariant submanifold, the 1-skeleton of f is a GKM subgraph whose connection is inherited from the original one θ. Therefore θ en maps {e 2 , . . . , e n } bijectively to {e To prove the claim, we separate cases as j < ℓ, j = ℓ, and j > ℓ.
Case 1 j < ℓ. By Theorem 3.11, the axial functions of the edge α(e j i ) is a linear combination of ε * 1,1 , . . . , ε * 1,n1 , . . . , ε * j,1 , . . . , ε * j,nj . On the other hand, since λ λ λ is a linear combination of ε ℓ,1 , . . . , ε ℓ,n ℓ , . . . , ε m,1 , . . . , ε m,nm and j < ℓ, their pairings always vanish. Case 2 j = ℓ. By Theorem 3.11, the axial functions of the edge α(e Hence we have α(e j i ), λ λ λ = 0 for all j > ℓ.
